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K → ππ & CP violation
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Challenges 

Computational cost/
Statistics 

disconnected diagrams

Operator mixing 
10 four-quark operators 
desired to prevent extra mixing  
chiral symmetry with domain wall 
fermions preferable

Charm-loop effects 
expected significant 
lattices still not fine enough to 
introduce charm with physical mπ

On-shell kinematics in 
euclidean space 

final two-pion state with       
E = mK ≈ 500 MeV needed

Overall complexity 
requires significant human 
time & effort
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Approach to weak matrix elements

Two typical scales

‣ Electroweak scale: mW = 80 GeV, mZ = 91 GeV

‣ QCD scale: ΛQCD ~ 300 MeV 


Low-energy effective interactions @ QCD scale


‣ HW = Σi ci(μ) Oi(μ)

⇠ GF / g2

m2
W

<latexit sha1_base64="k2Bclr5lkz6NI6p8PkHdKSF4lOc=">AAAAAHicbVDNS8MwHE39nPWr6tFLcCieRjsGehwK6nGC+4C1ljRLt7CkKUkqjLL/wIv/ihcPinj16s3/xmzrQTcfhDze+/1I3otSRpV23W9raXlldW29tGFvbm3v7Dp7+y0lMolJEwsmZCdCijCakKammpFOKgniESPtaHg58dsPRCoqkjs9SknAUT+hMcVIGyl0TnwV276iHF6HV9BPpUi1gH4sEc7799VxzsO2uUKn7FbcKeAi8QpSBgUaofPl9wTOOEk0ZkipruemOsiR1BQzMrb9TJEU4SHqk66hCeJEBfk0zxgeG6UHYyHNSTScqr83csSVGvHITHKkB2rem4j/ed1Mx+dBTpM00yTBs4fijEETeVIO7FFJsGYjQxCW1PwV4gEyXWhToW1K8OYjL5JWteLVKu5trVy/KOoogUNwBE6BB85AHdyABmgCDB7BM3gFb9aT9WK9Wx+z0SWr2DkAf2B9/gDYKJvs</latexit>
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ΔS = 1 effective operators

  13 / 37

Operators and Wilson Coe0cients

[Rev.Mod.Phys. 68 (1996) 1125-1144]

    [J.Phys.Conf.Ser. 800 (2017) 1, 012008]

● 10 ΔS=1 Weak effective operators:

– Q
1
-Q

2
   “current-current” operators, dominant 

contributions to real parts of K→ππ amplitudes.

– Q
3
-Q

6
  “QCD penguin” operators, dominant 

contributions to imaginary (CP-violating) parts of 
amplitudes.

– Q
7
-Q

10
 “EM penguin” operators.

● Wilson coefficients z
i
, y

i
 capture high-energy 

behavior.

● Involve running from M
W
 down to charm scale 

O(1.2 GeV) in QCD PT with some E&M effects 
(EM penguins). 

● Determined to NLO in MSbar scheme.

● NNLO expected in near-future

● Use of PT near charm threshold significant sys. err.  
 

1m30

Current-current operators

QCD penguin operators

EW penguin operators

(s̄q)V�A(q̄
0q00)V±A = s̄�µ(1� �5)q

0 · q̄0�µ(1± �5)q
00
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↵,�: color indices
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&

enter when nf ≥ 4

sum over q runs for all active quarks
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X
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[zi(µ)+øyi(µ)]MI,i(µ)

K → ππ Amplitude and ε’
6

ππ phase shifts at mK

Wilson coefs. 
pQCD
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Bare Matrix elements 
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Outline

Role of correlation functions (for calculation of bare matrix elements)

‣ Basics and some complications for the K → ππ case


Basics of how to calculate correlation functions 


Handling complicated calculations – Automated Wick contractor


Detailed strategy for K → ππ calculation

7



Role of correlation functions      
for calculation of bare matrix elements
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annihilates 
the final state

3pt function
9
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E

generates   
the initial state

want ME of this

source & sink operators usually projected to

• specific quantum numbers, e.g. isospin, parity, strangeness, …

• specific (total) spatial momentum

→ exclude extra states that are out of interest
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3pt function
10
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K → ππ case

Need a ππ state with back-to-back momentum

‣ G-parity boundary conditions → pions anti-periodic and must move in a 

finite box

‣ Periodic boundary conditions with variational method (my earlier talk)

‣ Moving frame also possible in a finite box (1 pion same mom as kaon)

11

energy not conserved!
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Various ππ operators
ππ-like operators


‣         : couples well with ground state


‣                                                      …      
control excited states


When isospin is 0:

σ-like operator to control ππ states near 
f0(500) resonance

12

π
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Variational method
13
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What to calculate
Single Kaon 2pt function


ππ 2pt functions


K → ππ 3pt functions

14
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What to calculate
Single Kaon 2pt function


ππ 2pt functions


K → ππ 3pt functions
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Today’s topic  
How to calculate these 
correlation functions



Calculation of correlation functions
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How to calculate correlation functions
16

Ensemble average → Monte Carlo method


Flow of computation

‣ Ensemble generation：U1, U2, …, UN based on the Boltzmann weight

‣ Measurement: Calculate observable                        for each configuration Ui [today’s topic]

‣ Statistical analysis

<latexit sha1_base64="dHOgTAuYsX16PW+hDj+f5HFRSKk="></latexit>
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Integrating out fermion fields

Wick contraction, 
correlator with given 

 background gauge field

Boltzmann weight
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Measurements
17

‣          Grassmann variables with spin, color, flavor and position indices


‣ Example: 2pt function of π+
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<latexit sha1_base64="5QJee5S9TESWaH9FGOPMwIPa4+E=">AAACEnicbZDNSgMxFIXv1L86/lVdugmWgqsyI1LdCEU37qxga6EzlEyaaUMzmTHJCGXoWwhu9TXciVtfwLfwEUzbWdjWC4HDOfcmN1+QcKa043xbhZXVtfWN4qa9tb2zu1faP2ipOJWENknMY9kOsKKcCdrUTHPaTiTFUcDpQzC8nuQPT1QqFot7PUqoH+G+YCEjWBvL91RoX2YewRzdjrulslN1poWWhZuLMuTV6JZ+vF5M0ogKTThWquM6ifYzLDUjnI5tL1U0wWSI+7RjpMARVX42XXqMKsbpoTCW5giNpu7fiQxHSo2iwHRGWA/UYjYx/8s6qQ4v/IyJJNVUkNlDYcqRjtGEAOoxSYnmIyMwkczsisgAS0y04WRX5q5KJOsPzJdCw5tROUHkLgJZFq3Tqlur1u7OyvWrHFYRjuAYTsCFc6jDDTSgCQQe4QVe4c16tt6tD+tz1lqw8plDmCvr6xfEVZ5z</latexit>

= O

<latexit sha1_base64="b5H3hSWlTv/OOKiRXTxH4Vhqp2U="></latexit>µ
@

@µ
,
@

@µ̄
,Ui

∂
exp

h
°µ̄D(Ui)

°1µ
iØØØØ

µ,µ̄=0

<latexit sha1_base64="09Z943NVO9tCtKefKH4wBqd+6mc="></latexit>

O1(x1) = ū(x1)i∞5d(x1), O2(x2) =O1(x2)† = d̄(x2)i∞5u(x2)
<latexit sha1_base64="h2nViJqcq8Fp9UAtOmZZ6qmy8yc="></latexit>

ū(x1)i∞5d(x1)d̄(x2)i∞5u(x2)
<latexit sha1_base64="0LELYGnU3jcFTe6bdGLWFFDL1Lw=">AAACFnicbZDLSsNAFIYnXmu8NOrSzWApuCqJSHUjFN24s4K9QBPKZHrSDp1cmJkIJeQ9BLf6Gu7ErVvfwkdw2mZhWw8M/Pz/OTNnPj/hTCrb/jbW1jc2t7ZLO+bu3v5B2To8ass4FRRaNOax6PpEAmcRtBRTHLqJABL6HDr++Haad55ASBZHj2qSgBeSYcQCRonSVt8quzIwM5cSju9zfI37VsWu2bPCq8IpRAUV1exbP+4gpmkIkaKcSNlz7ER5GRGKUQ656aYSEkLHZAg9LSMSgvSy2eI5rmpngINY6BMpPHP/TmQklHIS+rozJGokl7Op+V/WS1Vw5WUsSlIFEZ0/FKQcqxhPKeABE0AVn2hBqGB6V0xHRBCqNCuzunBVIthwpL8UaOYMRK4ROctAVkX7vObUa/WHi0rjpoBVQifoFJ0hB12iBrpDTdRCFKXoBb2iN+PZeDc+jM9565pRzByjhTK+fgH8XZ74</latexit>

O =

<latexit sha1_base64="pb6PzROFP73xb76Wf10MHzBUbqA="></latexit>

O ! bO :
<latexit sha1_base64="pp9j7E2EtNUA1bFpHy2RudkQEfo="></latexit>

ū(x1) ! @

@µ(u,x1)

<latexit sha1_base64="m5YU5lmIW0Dbw4sWu1rf/EtLXrM="></latexit>

d(x1) ! @

@µ̄(d,x1)

<latexit sha1_base64="0endidzLYcvanGH7mDDuy3Gvp8k="></latexit>

d̄(x2) ! @

@µ(d,x2)

<latexit sha1_base64="70EI1SaJdNg/98nFb0zNua+qr0Q="></latexit>

u(x2) ! @

@µ̄(u,x2)

<latexit sha1_base64="1RTtyBBqnmiFztPluHgrN/LiTG4="></latexit>

bO(D(Ui)
�1,Ui)

<latexit sha1_base64="BW2DVuLidC//AMNIpc8roFwHLCE="></latexit>

= @

@µ(u,x1)
i∞5

@

@µ̄(d,x1)

@

@µ(d,x2)
i∞5

@

@µ̄(u,x2)
exp

h
°µ̄D(Ui)

°1µ
iØØØØ

µ,µ̄=0

space-time
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Hand exercise of π+ 2pt func
18

<latexit sha1_base64="1RTtyBBqnmiFztPluHgrN/LiTG4="></latexit>

bO(D(Ui)
�1,Ui)

<latexit sha1_base64="BW2DVuLidC//AMNIpc8roFwHLCE="></latexit>

= @

@µ(u,x1)
i∞5

@

@µ̄(d,x1)

@

@µ(d,x2)
i∞5

@

@µ̄(u,x2)
exp

h
°µ̄D(Ui)

°1µ
iØØØØ

µ,µ̄=0
<latexit sha1_base64="my+QcMokFW3yRWmVOh+emPovcqg="></latexit>

= 1

2

@

@µ(u,x1)
i∞5

@

@µ̄(d,x1)

@

@µ(d,x2)
i∞5

@

@µ̄(u,x2)
µ̄D°1µ · µ̄D°1µ

<latexit sha1_base64="pQ9o2VVIwUe7UiuSO1k18K+auZs="></latexit>

= @

@µ(u,x1)
i∞5

@

@µ̄(d,x1)

@

@µ(d,x2)
i∞5±̄(u,x2)D

°1µ · µ̄D°1µ

<latexit sha1_base64="zm7m2udp7QDvo4BgTg7m/wOOq20="></latexit>

= @

@µ(u,x1)
i∞5

@

@µ̄(d,x1)

@

@µ(d,x2)
µ̄D°1µ · i∞5±̄(u,x2)D

°1µ

<latexit sha1_base64="FX7Sh75ua6n0JJPzPNcwEjYS16c="></latexit>

=° @

@µ(u,x1)
i∞5

@

@µ̄(d,x1)
µ̄D°1±(d,x2) · i∞5±̄(u,x2)D

°1µ

<latexit sha1_base64="tTa2nzcG3hhHKyZCnmA9mtdl51I="></latexit>

=° @

@µ(u,x1)
i∞5±̄(d,x1)D

°1±(d,x2) · i∞5±̄(u,x2)D
°1µ

<latexit sha1_base64="fmq+IRjG2QqrH2Rc1do2JPG2qtM="></latexit>

=°Tr
h
i∞5D

°1
(d,x1),(d,x2)i∞5D

°1
(u,x2),(u,x1)

i

<latexit sha1_base64="/WUIlbAtH2HoNBUxjOLVakrkFwQ="></latexit>

±̄(u,x2) =
@µ̄

@µ̄(u,x2)

K  2pt func: u → s

simplest example

0
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example 2: ηSU(2)

source & sink operators


contraction:

19

<latexit sha1_base64="f5/BOXnliPe7Zd0TJzT/6I8AmCY="></latexit>

O1(x1) = q̄(x1)i∞5q(x1)
p
2

µ
= ū(x1)i∞5u(x1)+ d̄(x1)i∞5d(x1)

p
2

∂
, O2(x2) =O1(x2)† = q̄(x2)i∞5q(x2)

p
2

<latexit sha1_base64="EjvcgrOQLHnsq5XD8teqQPyHuLw="></latexit>X

~x1

e°i~p·~x1
n
Tr

h
∞5D

°1
x1,x2∞5D

°1
x2,x1

i
°Tr

h
∞5D

°1
x1,x1

i
Tr

h
∞5D

°1
x2,x2

io

σσ σσ

<latexit sha1_base64="aVBvaRpLNm5ae6O5WvJdWwIa5l0="></latexit>

Tr
h
∞5D

°1
x1,x2∞5D

°1
x2,x1

i
: connected diagram

x1 x1x2 x2

<latexit sha1_base64="ghAWS2DYFw3NgLnfYFgh9HfN+uE="></latexit>

Tr
h
∞5D

°1
x1,x1

i
Tr

h
∞5D

°1
x2,x2

i
: disconnected diagram



Automated Wick contractor for 
more complicated correlators



How should we obtain the contractions 
for ππ 2pt functions & K → ππ 3pt 

functions and compute them?
<latexit sha1_base64="D8csama4tft3W4TzpYDQC32faGY="></latexit>

hO⇡⇡(x1)O
⇡⇡(x2)

†i

<latexit sha1_base64="UMbpkVi7A2T5EQ7WghXhuNGJMn0="></latexit>

hO⇡⇡(x1)O�(x2)
†i

<latexit sha1_base64="hR1qNPxh0iUFLIPx5EMQo1Ht10M="></latexit>

hO⇡⇡(x1)Qi(x2)OK(x3)
†i

<latexit sha1_base64="N7O5ZKdMdWkIbLjbKzuHll/sJXA="></latexit>

O
⇡⇡ =

<latexit sha1_base64="byAnlT3gdV1n2RiEtMs5tQG+ccI="></latexit>

⇡+⇡� + 2⇡0⇡0 + ⇡�⇡+

p
6

<latexit sha1_base64="bFIfv3T0XlyMb5pI8fAhuYrnqP4="></latexit>

⇡+⇡� � ⇡0⇡0 + ⇡�⇡+

p
3

(I = 2, Iz = 0)

(I = 0)

<latexit sha1_base64="LXzamxNSOAGix2+h81UgigKKtt8="></latexit>

Q1,2 = s̄Æ∞µ(1°∞5)uØ/ÆūØ∞µ(1°∞5)dÆ/Ø
<latexit sha1_base64="43Q3ZhZtpLw2ixjUIlgPp6n+/Ds="></latexit>

Q3,4,5,6 = s̄Æ∞µ(1°∞5)dÆ/Ø
X
q
q̄Ø∞µ(1±∞5)qØ/Æ

<latexit sha1_base64="Z9UkRcRk/5sirJU/DygryEzgO1c="></latexit>

Q7,8,9,10 = s̄Æ∞µ(1°∞5)dÆ/Ø
X
q
eqq̄Ø∞µ(1±∞5)qØ/Æ

<latexit sha1_base64="7fY009d6/See1cTRRD9Ap/rJQ44="></latexit>

hO�(x1)Qi(x2)OK(x3)
†i
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done in earlier works but …
22

… …

easy to make typos in hand coding (just as the PRD proofreader did)

another headache to ensure about normalization 

K → σ contraction only in GPBC work (where contractions slightly differ)

PRD84,114503(2011)

48 contractions
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Automated Wick contractor
Input: a set of operators

Output: Wick contractions for the correlation function of the given operators

23
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Let the script recognize these 
diagrams and rename contractions



Seminar    Masaaki Tomii

Automated Wick contractor
Input: a set of operators

Output: Wick contractions for the correlation function of the given operators

23

π

K

π

HW

π

K

π

HW

π

K

π

HW π

K

π

HW

type 1 type 2

type 3 type 4

Let the script recognize these 
diagrams and rename contractions

 -3/2 type1_singleTr_cmix_LR  
 +3 type2_multiTr_cmix_LR  
 -3/2 type2_singleTr_cmix_LR  
 +3 type3_lloop_multiTr_cmix_LR  
 -3/2 type3_lloop_singleTr_cmix_LR  
 +3/2 type3_sloop_multiTr_cmix_LR  
 -3/2 type3_sloop_singleTr_cmix_RL  
 -6 type4_lloop_multiTr_cmix_LR  
 +3 type4_lloop_singleTr_cmix_LR  
 -3 type4_sloop_multiTr_cmix_LR  
 +3 type4_sloop_singleTr_cmix_RL 

<latexit sha1_base64="uj+VXSzXSPG7zyUYb4DEwDSxXQg="></latexit>

hO⇡⇡,I=0(x1)Q6(x2)OK(x3)
†iexample:
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Automated Wick contractor
Input: a set of operators

Output: Wick contractions for the correlation function of the given operators

23

π

K

π

HW

π

K

π

HW

π

K

π

HW π

K

π

HW

type 1 type 2

type 3 type 4

Let the script recognize these 
diagrams and rename contractions

compute each contraction, and let 
analysis code do the linear combination

 -3/2 type1_singleTr_cmix_LR  
 +3 type2_multiTr_cmix_LR  
 -3/2 type2_singleTr_cmix_LR  
 +3 type3_lloop_multiTr_cmix_LR  
 -3/2 type3_lloop_singleTr_cmix_LR  
 +3/2 type3_sloop_multiTr_cmix_LR  
 -3/2 type3_sloop_singleTr_cmix_RL  
 -6 type4_lloop_multiTr_cmix_LR  
 +3 type4_lloop_singleTr_cmix_LR  
 -3 type4_sloop_multiTr_cmix_LR  
 +3 type4_sloop_singleTr_cmix_RL 

<latexit sha1_base64="uj+VXSzXSPG7zyUYb4DEwDSxXQg="></latexit>

hO⇡⇡,I=0(x1)Q6(x2)OK(x3)
†iexample:
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Summary so far and what’s next

We now know how to combine each contraction to calculate correlation 
functions


Need to figure out


‣ spatial momentum projection


‣ how to precisely compute these momentum-projected contractions

24



Detailed strategy for K → ππ
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Momentum projection
Kaon operator: zero spatial momentum (rest frame)


ππ operators made with back-to-back momenta

26

<latexit sha1_base64="K2KW7OcW58SbrIfKK6g7977JIeE="></latexit>

OK(t)† =
X

~x
d̄(~x,t)i∞5s(~x,t)

<latexit sha1_base64="gaauo1TAy0VVLAA1sq6hj9CCurg="></latexit>

ei
~0·~x

<latexit sha1_base64="3Y5xNkoqAVwu3fLAu8CNX10Y3xQ="></latexit>

O
ºº,I
~p (t)† =

X

a,b
c
I
ab

X

~p02T̂[~p]

X

~x
e
i~p0·xºa(~x,t)

X

~y
e
°i~p0·yºb(~y,t+¢)

Sum over 3D cubic rotation: s-wave projection

Isospin projection taken into account by auto contractor
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Momentum projection
Kaon operator: zero spatial momentum (rest frame)


ππ operators made with back-to-back momenta

26

<latexit sha1_base64="K2KW7OcW58SbrIfKK6g7977JIeE="></latexit>

OK(t)† =
X

~x
d̄(~x,t)i∞5s(~x,t)

<latexit sha1_base64="gaauo1TAy0VVLAA1sq6hj9CCurg="></latexit>

ei
~0·~x

<latexit sha1_base64="3Y5xNkoqAVwu3fLAu8CNX10Y3xQ="></latexit>

O
ºº,I
~p (t)† =

X

a,b
c
I
ab

X

~p02T̂[~p]

X

~x
e
i~p0·xºa(~x,t)

X

~y
e
°i~p0·yºb(~y,t+¢)

Sum over 3D cubic rotation: s-wave projection

Isospin projection taken into account by auto contractor

presence of spatial sums
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How contractions look
27

<latexit sha1_base64="mkSGYWubCS44C0SHiix4YDucVH0="></latexit>X

~x0

X

~x1

ei~p
0·~x1

X

~x2

e°i~p
0·~x2

π

K

π

HW

π

K

π

HW

π

K

π

HW π

K

π

HW

<latexit sha1_base64="P2gQIYw97jPx+WLLWL7YSuzG2u4="></latexit>

~x0

<latexit sha1_base64="P2gQIYw97jPx+WLLWL7YSuzG2u4="></latexit>

~x0

<latexit sha1_base64="P2gQIYw97jPx+WLLWL7YSuzG2u4="></latexit>

~x0

<latexit sha1_base64="P2gQIYw97jPx+WLLWL7YSuzG2u4="></latexit>

~x0

<latexit sha1_base64="1ChNJPnmOcCA0w7mGi29wHkevFA="></latexit>

~x1

<latexit sha1_base64="1ChNJPnmOcCA0w7mGi29wHkevFA="></latexit>

~x1

<latexit sha1_base64="1ChNJPnmOcCA0w7mGi29wHkevFA="></latexit>

~x1

<latexit sha1_base64="1ChNJPnmOcCA0w7mGi29wHkevFA="></latexit>

~x1

<latexit sha1_base64="PUMj2MulhzW259Dlc+2MRyPNgsg="></latexit>

~x2
<latexit sha1_base64="PUMj2MulhzW259Dlc+2MRyPNgsg="></latexit>

~x2

<latexit sha1_base64="PUMj2MulhzW259Dlc+2MRyPNgsg="></latexit>

~x2
<latexit sha1_base64="PUMj2MulhzW259Dlc+2MRyPNgsg="></latexit>

~x2

minimal positional sums 
presumed

adding other sums wrt 
translational invariance may 
help statistics
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Disconnected diagram noisiest

Natural thing to consider: maximize effective sampling

In this work

‣ averaging over all spacetime translations of HW for disconnected diagram

‣ don’t need to sample other diagrams as many if it’s expensive

28

π

K

π

HWS/N
<latexit sha1_base64="2NwGEYWeWcjqeFWxEPlaoIAJmq0="></latexit>

ª e°E
ºº
n t2/1

S/N [ other diagrams ]
<latexit sha1_base64="o5lquilfolzEsXSgHogMKcZeGZA="></latexit>

ª e°E
ºº
n t2/e°2mºt2

t2



Calculation of quark 
propagators
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Lattice calculation of quark propagators
Not possible to get the exact inverse of Dirac operator in large volumes


What we can do: solve linear equations of Dirac operator

‣ point-source propagator


‣ momentum-source propagator

30

<latexit sha1_base64="PzszCXeAq3ZUf4Zas1xJ3Z5jc1c="></latexit>X
y
D(x,y)X(y) = ei~p·~x±x4,t0 ! X(x) =

X

~y
ei~p·~yD°1(x, (~y,t0))

<latexit sha1_base64="4xDjipty6GgDojIsgAIEnC5r0MM="></latexit>X
y
D(x,y)X(y) = eipx ! X(x) =

X
y
eipyD°1(x,y)

<latexit sha1_base64="15S/9nwFTy2vawYbVsZ+H4BpndA="></latexit>X
y
D(x,y)X(y) = ±x,x0 ! X(x) =D°1(x,x0)

4D momentum

3D momentum

spin, color (and flavor) 
indices suppressed
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Lattice calculation of quark propagators
Not possible to get the exact inverse of Dirac operator in large volumes


What we can do: solve linear equations of Dirac operator

‣ point-source propagator


‣ momentum-source propagator

30

<latexit sha1_base64="PzszCXeAq3ZUf4Zas1xJ3Z5jc1c="></latexit>X
y
D(x,y)X(y) = ei~p·~x±x4,t0 ! X(x) =

X

~y
ei~p·~yD°1(x, (~y,t0))

<latexit sha1_base64="4xDjipty6GgDojIsgAIEnC5r0MM="></latexit>X
y
D(x,y)X(y) = eipx ! X(x) =

X
y
eipyD°1(x,y)

<latexit sha1_base64="15S/9nwFTy2vawYbVsZ+H4BpndA="></latexit>X
y
D(x,y)X(y) = ±x,x0 ! X(x) =D°1(x,x0)

These were considered unrealistic for the disconnected diagram

4D momentum

3D momentum

spin, color (and flavor) 
indices suppressed
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all-to-all (A2A) propagator method
method to calculate quark propagator connecting all sources to all sinks


useful particularly (but not only) when a quark loop present in contraction 
diagrams


Low-mode decomposition


‣ Dirac operator


‣ Quark propagator


Noise method for strange-quark propagator & light-quark high modes 
(next slide)

31

spin, color (and flavor) 
indices suppressed

↑ truncated at i = Nℓ ≪ V


good approximation for light quarks

<latexit sha1_base64="US+UC7zLqu2XJ1Ncl3am3IXYQVg="></latexit>

∞5D(x,y) =
X

i
vi(x)∏ivi(y)†

<latexit sha1_base64="ZAFbjpSteXNuapaEkD/oW77u1fw="></latexit>

SF(x,y) =D°1(x,y) =
X

i
vi(x)

1

∏i
vi(y)†∞5
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Noise method
if we find vectors        that satisfy


solve 

32

<latexit sha1_base64="41awJ91uILRE+86BXp00WWyA1n4="></latexit>

NhX

i=1
ªi(x)ªi(y)† º ±x,y

<latexit sha1_base64="iUWz74DQ1+p8CjRKMHxub+bR0EU="></latexit>

ªi(x)

<latexit sha1_base64="fAVi5Nssm4eqBeMQPSmaOcyIbn4="></latexit>X
y
D(x,y)Xi(y) = ªi(x) ! Xi(x) =

X
y
D°1(x,y)ªi(y)

<latexit sha1_base64="CmhR+E5iNuPWZw24eux7+cMR9fI="></latexit>

!
X

i
Xi(x)ªi(y)† ºD°1(x,y)

Pure noise method used for strange-quark propagator
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Noise method
if we find vectors        that satisfy


solve 
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<latexit sha1_base64="41awJ91uILRE+86BXp00WWyA1n4="></latexit>

NhX

i=1
ªi(x)ªi(y)† º ±x,y

<latexit sha1_base64="iUWz74DQ1+p8CjRKMHxub+bR0EU="></latexit>

ªi(x)

<latexit sha1_base64="fAVi5Nssm4eqBeMQPSmaOcyIbn4="></latexit>X
y
D(x,y)Xi(y) = ªi(x) ! Xi(x) =

X
y
D°1(x,y)ªi(y)

<latexit sha1_base64="CmhR+E5iNuPWZw24eux7+cMR9fI="></latexit>

!
X

i
Xi(x)ªi(y)† ºD°1(x,y)

Pure noise method used for strange-quark propagator

<latexit sha1_base64="732suYKAyAniUjChukjEDETh884="></latexit>

ªi(x): Random values in U(1)          or its subgroup

error taken into account as statistical error
<latexit sha1_base64="0ffu3KPHVxcFZwjHAZ5UEsRVyjc="></latexit>

O(1/
p
Nh)

<latexit sha1_base64="w7ihjRXoJFurSbqixUiKGOrmdhg="></latexit>

/
p
Nh
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Combining low-mode approximation & noise 
method

33

low- & high-mode decomposition

O(109 x 109) matrix O(103) vectors of size O(108)

lost information is not important for long-distance physics

<latexit sha1_base64="JoE8blT04iQ3QvkE1BG7RU7x13U="></latexit>
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∏i
vi(y)†∞5+

NhX
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√
Xj(x)°

NX̀
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X
z
vi(x)

1

∏i
vi(z)†∞5ªj(z)

!
ªj(y)†

<latexit sha1_base64="GOvSLn915Fe1wfnwyw/ZXXX5Jlw="></latexit>

D°1(x,y) º
N`+NhX

i=1
Vi(x)Wi(y)†
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Combining low-mode approximation & noise 
method

33

low- & high-mode decomposition

O(109 x 109) matrix O(103) vectors of size O(108)

lost information is not important for long-distance physics

1011 complex numbers → O(1) TB 
good to consider for serious 
calculations
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A2A propagators for simplest contraction
34

σσ

<latexit sha1_base64="86MEiZXs+rO3hcyZXATSl/iiImA="></latexit>X

~x,~y
Tr[∞5D

°1((~x,x4), (~y,y4))∞5D
°1((~y,y4), (~x,x4))]

<latexit sha1_base64="cx9XEYE7B7yrkTTzUARqaI71xx0="></latexit>

=
X

~x,~y

X

i,j
Tr[∞5Vi(~x,x4)Wi(~y,y4)†∞5Vj(~y,y4)Wj(~x,x4)†]

<latexit sha1_base64="vK39M4ceOk2J+ihWT77Gz9ZDorQ="></latexit>
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X

i,j

X

~x
Wj(~x,x4)†∞5Vi(~x,x4) ·

X

~y
Wi(~y,y4)†∞5Vj(~y,y4)

<latexit sha1_base64="DQsQj2blAs18ZWImE6azgEwChpk="></latexit>

¶
∞5
ij (x4)

<latexit sha1_base64="nCBNX970rZTlYNKMpjaJu3dsnnk="></latexit>

¶
∞5
ji (y4)

<latexit sha1_base64="zgfRyKG57K8TvE4k6+wnOTIcXTY="></latexit>

=
X

i,j
¶
∞5
ij (x4)¶∞5ji (y4)

• cannot do a huge “for loop” over V2


• disentangle and find a way for the 
contraction
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• A2A Meson field
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Meson fields for K → ππ
35

π

K

π

HW

<latexit sha1_base64="9kTuH209MKkj3YHBHFOi8Lobc24="></latexit>

b¶K
ij (t) =
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<latexit sha1_base64="s+twILMVcB0Ml5VqDPayNXqAQGc="></latexit>

b¶ºkl(~p,tº1)
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Same for other diagrams:
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Contraction for eye diagrams
Calculate meson field-like object

36

<latexit sha1_base64="/+IO7bqqOmwKGQZXqsGrETmI3A8="></latexit>X

~x i j<latexit sha1_base64="0c26BHj1Y6/xw2cgrE02e+FCfrE="> IEP3alTVfqORnsBT1VB22KiQLFhbC9qI9xlkVkghhhNNHivdNwxUMbnl5J6gzqMihmOLRDkjwmPT8QMYYb0vsNFFFtSoQmoZhMACWoJCtsRegU06DREQvZq/7LqtaccNQ9KNJzs0S036ZNjSgBVLSrH6QGdPb+x09rfjeIvx2BVL0FbuwlFm6yGezxPE0xYgOce5C6OdAySDSKCuzNfnftNqRl7UdafOT09yf9p/FqrUvXu+svbrU3HzTP/bR31bvmrXrU2/A2vcfec2/oce+j98377v1ofWh9an1ufamhx5aanCvewmp9/QW/caNz</latexit>
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π
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π
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¶K
ij (tK)¶4q

jk (t4q)¶ºkl(~p,tº1)¶ºli(°~p,tº2)

<latexit sha1_base64="8kuYP3Pg/S9cSsfSuSPfqGkiMEs="></latexit>
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X
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¶K
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X

k,l
¶ºkl(~p,tº1)¶ºlk(°~p,tº2)

Doing GPU optimization for 
643x128 lattice calculation

<latexit sha1_base64="qryxiZ+ZBt7IZWMdbRgmN+NBGgg="></latexit>

¶
4q
ij (t) =
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Contraction for connected diagrams
Connected diagrams more expensive 


‣ Cost proportional to volume of Qi


‣ but statistically much more precise


reduce average volume by factor of 64 for spatial volume and 8 for time 
translation

37

π

K

π

HW

full vol. sum full vol. sumsparse vol. sum
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I = 0 correlation functions
38
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Sparsen HW for types1,2 (connected) – still more precise than type4 (disconnected)
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kaon operator kaon operator
<latexit sha1_base64="O+iXUGi0iuWOkVVfyWuJruKVm18=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Vj04rEF+wFtKJvtpl262YTdiVBCf4QXD4p49fd489+4bXPQ1gcDj/dmmJkXJFIYdN1vZ219Y3Nru7BT3N3bPzgsHR23TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbwfj+5nffuLaiFg94iThfkSHSoSCUbRSu2dC0uhX+6WyW3HnIKvEy0kZctT7pa/eIGZpxBUySY3pem6CfkY1Cib5tNhLDU8oG9Mh71qqaMSNn83PnZJzqwxIGGtbCslc/T2R0ciYSRTYzojiyCx7M/E/r5tieOtnQiUpcsUWi8JUEozJ7HcyEJozlBNLKNPC3krYiGrK0CZUtCF4yy+vkla14l1XLhtX5dpdHkcBTuEMLsCDG6jBA9ShCQzG8Ayv8OYkzovz7nwsWtecfOYE/sD5/AFzY47/</latexit>

Q2
<latexit sha1_base64="GpjMc6yiwDyldmwrBqFEgL6Lz4c=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lUqseiF48tWFtoQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fDoUcepYthisYhVJ6AaBZfYMtwI7CQKaRQIbAfju5nffkKleSwfzCRBP6JDyUPOqLFSu6dD0uzX+uWKW3XnIKvEy0kFcjT65a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi2VNELtZ/Nzp+TMKgMSxsqWNGSu/p7IaKT1JApsZ0TNSC97M/E/r5ua8MbPuExSg5ItFoWpICYms9/JgCtkRkwsoUxxeythI6ooMzahkg3BW355lTxeVL1a9bJ5Vanf5nEU4QRO4Rw8uIY63EMDWsBgDM/wCm9O4rw4787HorXg5DPH8AfO5w95c48D</latexit>

Q6(x105)(x104)

πp=(0,0,1)πp=(0,0,-1) 
 operator

πp=(0,0,1)πp=(0,0,-1) 
 operator



Seminar    Masaaki Tomii

Summary
Contractions becomes increasingly complicated as increasing number of 
quark propagators


Wick contraction automated for such cases


For K → ππ, not fully automated to further consider cost reductions


Fully automated version also used for nonperturbative 3/4-flavor matching 
& photon structure, but the efficiency hasn’t been seriously considered

39
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39

One of my dreams: 

To create a fully automated measurement platform that identifies and 
suggests the maximally efficient approach considering various situations 
such as what data we already have



Nonperturbative matching of ΔS=1 
operators b/w 3 & 4-flavor theories
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Wilson coefs

wi   (μ): large uncertainty 

12% uncertainty on A0

wi  (μ): precise at HEs4fμmc

<f|HW|i> = Σi wi  (μ) <f|Oi (μ)|i>3f 3f

LQCDpQCD

3f

wi

perturbative 
matching done below 
charm threshold 

(NLO known) • Relevant for                      : ΔI = 1/2

• Does not happen for ΔI = 3/2

<latexit sha1_base64="zyDuI5SdXDyx7dR4esSxNdSwVdw=">AAACB3icbZDLSsNAFIYn9VbjLepSkMEitJuaSFGXRTcuuqhiL9CEMJlO6tDJJMxMhBK6c+OruHGhiFtfwZ1v47TNQlt/GPj4zzmcOX+QMCqVbX8bhaXlldW14rq5sbm1vWPt7rVlnApMWjhmsegGSBJGOWkpqhjpJoKgKGCkEwyvJvXOAxGSxvxOjRLiRWjAaUgxUtryrUNXhmbZDZCAsl/xGzPEuOJnjZPbsW+V7Ko9FVwEJ4cSyNX0rS+3H+M0IlxhhqTsOXaivAwJRTEjY9NNJUkQHqIB6WnkKCLSy6Z3jOGxdvowjIV+XMGp+3siQ5GUoyjQnRFS93K+NjH/q/VSFV54GeVJqgjHs0VhyqCK4SQU2KeCYMVGGhAWVP8V4nskEFY6OlOH4MyfvAjt06pzVq3d1Er1yzyOIjgAR6AMHHAO6uAaNEELYPAInsEreDOejBfj3fiYtRaMfGYf/JHx+QMWgJeP</latexit>

(̄sd)L(c̄c)L/R

Possible resolutions

‣ NNLO perturbative matching [Cerda-Sevilla et al. Acta Phys.Polon.B 4 (2018) 1087-1096]

‣ Matching nonperturbatively [MT, LATTICE2019] 
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How much  wi ≠ wi  ?
Sea charm quark →            


If Oi  involves charm quark…


‣ WCs of charm operators will be a part                                                                           
of 3f WCs


‣ Difference can be 


wi   necessary if MEs are calculated w Oi


‣ our fine lattice: a-1 ≈ 1.38 GeV used for MEs


‣ not appropriate to introduce charm on this lattice


‣ 803 x 160 may be needed to have fine enough lattice maintaining 

3f 4f

O(↵2
s )

<latexit sha1_base64="2KAtahVkNLmwSxE9vPtXsCCQh6E=">AAAB+nicbVBNS8NAEN34WeNXqkcvwSLUS0lKQb0VvXizgv2AJobJdtMu3WzC7kYptT/FiwdFvPpLvPlv3LY5aOuDgcd7M8zMC1NGpXKcb2NldW19Y7OwZW7v7O7tW8WDlkwygUkTJywRnRAkYZSTpqKKkU4qCMQhI+1weDX12w9ESJrwOzVKiR9Dn9OIYlBaCqyiJyPzpuwBSwcQyPvqaWCVnIozg71M3JyUUI5GYH15vQRnMeEKM5Cy6zqp8scgFMWMTEwvkyQFPIQ+6WrKISbSH89On9gnWunZUSJ0cWXP1N8TY4ilHMWh7oxBDeSiNxX/87qZis79MeVppgjH80VRxmyV2NMc7B4VBCs20gSwoPpWGw9AAFY6LVOH4C6+vExa1Ypbq1zc1kr1yzyOAjpCx6iMXHSG6ugaNVATYfSIntErejOejBfj3fiYt64Y+cwh+gPj8we0lZME</latexit>

4f

s

dc

c

W c c
g

W

q q

s d

O(↵s)

<latexit sha1_base64="LhN0h3TW1l1dAVeQHI20DgcJ1GI=">AAAB+HicbVBNS8NAEJ3Urxo/GvXoJViEeimJFNRb0Ys3K9gPaELYbDft0s0m7G6EGvpLvHhQxKs/xZv/xm2bg7Y+GHi8N8PMvDBlVCrH+TZKa+sbm1vlbXNnd2+/Yh0cdmSSCUzaOGGJ6IVIEkY5aSuqGOmlgqA4ZKQbjm9mfveRCEkT/qAmKfFjNOQ0ohgpLQVWxZOReVfzEEtHKJBngVV16s4c9ipxC1KFAq3A+vIGCc5iwhVmSMq+66TKz5FQFDMyNb1MkhThMRqSvqYcxUT6+fzwqX2qlYEdJUIXV/Zc/T2Ro1jKSRzqzhipkVz2ZuJ/Xj9T0aWfU55minC8WBRlzFaJPUvBHlBBsGITTRAWVN9q4xESCCudlalDcJdfXiWd87rbqF/dN6rN6yKOMhzDCdTAhQtowi20oA0YMniGV3gznowX4934WLSWjGLmCP7A+PwBhUSSYA==</latexit>

3f 3f

mphys
⇡
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Seminar    Masaaki Tomii 43

NP matching of 4-quark operators
Basic idea


Strategy

‣ Consider many 3pt functions on fine lattice


‣ Perform fit with many pairs of Oa & Ob at large tout – t & t - tin


‣ Trying with ~ 200 relevant pairs of Oa & Ob


‣ Automatic Wick contractor in use 

O
4f
i !

P
j MijO

3f
j
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hEout|O4f
i |Eini =

P
j MijhEout|O3f

j |Einii.e. for small Eout & Ein compared to mc
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3f/4f
i (t)Ob(tin)i
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Operator basis for ΔS=1
(nL, nR): Representation of SU(3)L x SU(3)R


Classification of 7 independent nf = 3 operators


‣ 1 in (27,1);   4 in (8,1);   2 in (8,8)


4 charm operators                               all in (8,1) with SU(3)LxSU(3)R


Only operators in (8,1) matter


‣  
O3f
j = (Q0

1,Q
0
2,Q

0
3,Q

0
4)
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SU(3)LxSU(3)R to SU(4)LxSU(4)R chiral bases
7-operator basis w nf = 3

‣ (27,1) x1, (8,1) x4, (8,8) x2


9-operator basis w nf = 4

‣ (84,1) x2, (20,1) x1, (15,1) x4, (15,15) x2


9x7 matching matrix can be 
determined once the 16 elements of 
Mij are obtained


Instability of Mij doesn’t propagate to 
4-flavor matrix elements

‣ Instability still concerning and trying to 

better understand

45
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matrix element of P7’ (analogous to Q6) 
 in 4-flavor
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Example results on finer lattice
46

value [GeV] significant    
statistical errors

significant 
systematic errors

ReA0

perturbative 2.89(23)stat(35)sys        
x 10-7

matrix elements 8.0% Wilson coefficients 12%

nonperturbative 2.97(22)stat(1)sys        
x 10-7

• matrix elements 6.5%

• 3/4-flavor matching 2.3%

ImA0

perturbative -7.11(54)stat(94)sys        
x 10-11

matrix elements 7.6%
• Wilson coefficients 12%

• High-energy parameters 

5.6%

nonperturbative -6.82(94)stat(37)sys        
x 10-11

• matrix elements 11%

• 3/4-flavor matching 6.3%

High-energy parameters 
5.4%

**outdated results 
**Discretization effects (12% overall) and finite volume effects (7% overall) not included above
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Summary

So many issues to address for precise SM prediction of K → ππ

‣ better continuum limit → calculation at a-1 ≈ 1.7 GeV underway, 2.3 GeV planned

‣ continuum limit of step scaling 

‣ dependence on intermediate scheme/scale on the high-energy side (µh)

‣ NNLO perturbative matching would be very helpful


‣ Nonperturbative 3/4-flavor matching mostly done, but maybe a bit more to 
understand before writing up a paper


‣ NNLO Wilson coefficients should significantly reduce the systematic error

47
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Why periodic BC?
Already have lattice ensembles with physical pion mass

‣ a-1 = 1 GeV, 243 x 64  & a-1 = 1.4 GeV, 323 x 64  & …

‣ Continuum limit easier 


Hope to introduce QED/IB effects near future 

‣ G-parity BC violate charge conservation

‣ PBC appear necessary 


Presence of Eππ = 2mπ state challenging

‣ S/N ratio of Eππ = mK state should be the same as in G-parity BC:

‣ interesting to see feasibility of extracting signal of excited states

48
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Lattice setup
49

RBC/UKQCD’s 2+1-flavor MDWF ensembles at physical pion & kaon 
masses

‣ 243 x 64, a-1 = 1.0 GeV, 258 confs 

‣ 323 x 64, a-1 = 1.4 GeV, 107 confs 

Chiral symmetry of DWF → strong constraints on operator mixings

‣ with lower-dimensional operators

‣ among different representations w.r.t. chiral symmetry (8,1), (8,8) & (27,1)


All-to-all quark propagators

‣ 2,000 low modes for light quarks (no low mode for strange)

‣ high-mode part: spin, color and time dilutions => 768 inversions

Lattice setup
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Diagrams for K → ππ 3pt functions
50

π

K

π

HW

π

K

π

HW

π

K

π

HW π

K

π

HW

type 1 type 2

type 3 type 4
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type 4 dominates stat. error

Previous G-parity calculation

‣ types 1,2: averaged over 

every 8 time translations

‣ types 3,4: averaged over 

every time translation


types 1,2 still expensive but 
no need of such precision


　→ cost reduction?

51

π

K

π

HW

π

K

π

HW

23

FIG. 3: The contributions of the four Wick contraction topologies type1-type4 to the C2 (left) and

C6 (right) three-point functions with the pp(111) sink operator, plotted as a function of the time

separation between the kaon and the four-quark operator, t, at fixed tK!snk
sep = 16. For clarity we

plot with an inverted x-axis such that the pp sink operator is on the left-hand side. These

correlation functions include the subtraction of the pseudoscalar operator.

We perform measurements with all three two-pion operators described in Sec. III D. For the

K ! pp matrix elements of the four-quark operators, the full set of Wick contractions for the

pp(111) and pp(311) sink operators can be found in Appendix B.1 and B.2 of Ref. [33], and those

of the s operator in Appendix A of this document. The Wick contractions for the K ! pp matrix

elements of the pseudoscalar operator (with all three sink operators) as well as the K !vacuum

matrix elements of this and the four-quark operators are provided in Appendix B of this document.

In Fig. 3 we plot the contributions of the four classes of Wick contraction illustrated in Fig. 2 to

the three-point functions of the (subtracted) Q2 and Q6 operators with the pp(111) sink operator.

As the individual topologies are not separately interpretable as Green’s functions of the QCD

path integral, their time dependence is not necessarily described by the propagation of physical

eigenstates of the QCD Hamiltonian. As such we cannot combine our data sets with different

tK!snk
sep when generating such plots, and instead plot with a single, fixed tK!snk

sep = 16. Despite the

inability to interpret the time dependence physically, we can look at the relative contributions of

each topology within the central region of the plot in which the behavior of the combined data is

dominated by the kaon and pp ground-states, i.e. the region in which we perform our fits below.

Our final choices of cut incorporate data from this set in the range 6  t  11 (cf. Sec. IV E 4). In

this window we observe that for both the C2 and C6 correlation functions, the contribution of the

noisy, type4 disconnected diagrams is largely consistent with zero, albeit with much larger errors

π

K

π

HW

type 3

type 1

type 2

π

K

π

HW

type 4

RBC/UKQCD, PRD 102,054509

ππ K
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I = 0 correlation functions
52
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Sparsen HW for types1,2 – still more precise than type4

Precision of type4 disconnected diagram

-3
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total
type1
type2
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type4

kaon operator kaon operator
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Q6(x105)(x104)

πp=(0,0,1)πp=(0,0,-1) 
 operator

πp=(0,0,1)πp=(0,0,-1) 
 operator
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Effective matrix elements (ΔI = 1/2)
243 x 64


Plateau appears

       : Correlated fit result with 


                          t1 = top–tK ≥ 4 && t2 = tππ–top ≥ 4 (colored filled data points)

t1/a

(x10-1)

t2/a
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-1.2

-1.0

-0.8

-0.6

-0.4

-0.2

0.0

1 2 3 4 5 6

ΔI = 1/2, a3Meff
1,6

Q2 Q6
t1/a

(x10-2)

t2/a

3
4

5
6

7
8

9
10

-0.5

0.0

0.5

1.0

1.5

2.0

2.5

1 2 3 4 5 6
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Renormalization (RI/SMOM scheme)


Interpolation

Translating to more physical ME

ZRI/SMOM

ij
(µ0)
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p1

<latexit sha1_base64="bGdnzAHiWgzet6b3pLwhLxXT37M=">AAAB7nicbVBNSwMxEJ3Ur7p+VT16CRbBU9kVQb0VvXisYD+gXUo2zbah2WxIskJZ+iO8eFDEq7/Hm//GtN2Dtj4YeLw3w8y8SAlurO9/o9La+sbmVnnb29nd2z+oHB61TJppypo0FanuRMQwwSVrWm4F6yjNSBIJ1o7GdzO//cS04al8tBPFwoQMJY85JdZJ7Z6JPdUP+pWqX/PnwKskKEgVCjT6la/eIKVZwqSlghjTDXxlw5xoy6lgU6+XGaYIHZMh6zoqScJMmM/PneIzpwxwnGpX0uK5+nsiJ4kxkyRynQmxI7PszcT/vG5m4+sw51Jllkm6WBRnAtsUz37HA64ZtWLiCKGau1sxHRFNqHUJeS6EYPnlVdK6qAWXtZuHy2r9toijDCdwCucQwBXU4R4a0AQKY3iGV3hDCr2gd/SxaC2hYuYY/gB9/gCAw48L</latexit>

p2

<latexit sha1_base64="pRNcfLdTsVGY3kP7fcZfGEhI3oA=">AAAB7nicbVBNS8NAEJ3Urxq/qh69LBbBU0lKQb0VvXisYD+gDWWz3bRLN5tldyOU0B/hxYMiXv093vw3btMctPXBwOO9GWbmhZIzbTzv2yltbG5t75R33b39g8OjyvFJRyepIrRNEp6oXog15UzQtmGG055UFMchp91werfwu09UaZaIRzOTNIjxWLCIEWys1B3oyJXD+rBS9WpeDrRO/IJUoUBrWPkajBKSxlQYwrHWfd+TJsiwMoxwOncHqaYSkyke076lAsdUB1l+7hxdWGWEokTZEgbl6u+JDMdaz+LQdsbYTPSqtxD/8/qpia6DjAmZGirIclGUcmQStPgdjZiixPCZJZgoZm9FZIIVJsYm5NoQ/NWX10mnXvMbtZuHRrV5W8RRhjM4h0vw4QqacA8taAOBKTzDK7w50nlx3p2PZWvJKWZO4Q+czx+CR48M</latexit>

p2

<latexit sha1_base64="pRNcfLdTsVGY3kP7fcZfGEhI3oA=">AAAB7nicbVBNS8NAEJ3Urxq/qh69LBbBU0lKQb0VvXisYD+gDWWz3bRLN5tldyOU0B/hxYMiXv093vw3btMctPXBwOO9GWbmhZIzbTzv2yltbG5t75R33b39g8OjyvFJRyepIrRNEp6oXog15UzQtmGG055UFMchp91werfwu09UaZaIRzOTNIjxWLCIEWys1B3oyJXD+rBS9WpeDrRO/IJUoUBrWPkajBKSxlQYwrHWfd+TJsiwMoxwOncHqaYSkyke076lAsdUB1l+7hxdWGWEokTZEgbl6u+JDMdaz+LQdsbYTPSqtxD/8/qpia6DjAmZGirIclGUcmQStPgdjZiixPCZJZgoZm9FZIIVJsYm5NoQ/NWX10mnXvMbtZuHRrV5W8RRhjM4h0vw4QqacA8taAOBKTzDK7w50nlx3p2PZWvJKWZO4Q+czx+CR48M</latexit>

p1

<latexit sha1_base64="bGdnzAHiWgzet6b3pLwhLxXT37M=">AAAB7nicbVBNSwMxEJ3Ur7p+VT16CRbBU9kVQb0VvXisYD+gXUo2zbah2WxIskJZ+iO8eFDEq7/Hm//GtN2Dtj4YeLw3w8y8SAlurO9/o9La+sbmVnnb29nd2z+oHB61TJppypo0FanuRMQwwSVrWm4F6yjNSBIJ1o7GdzO//cS04al8tBPFwoQMJY85JdZJ7Z6JPdUP+pWqX/PnwKskKEgVCjT6la/eIKVZwqSlghjTDXxlw5xoy6lgU6+XGaYIHZMh6zoqScJMmM/PneIzpwxwnGpX0uK5+nsiJ4kxkyRynQmxI7PszcT/vG5m4+sw51Jllkm6WBRnAtsUz37HA64ZtWLiCKGau1sxHRFNqHUJeS6EYPnlVdK6qAWXtZuHy2r9toijDCdwCucQwBXU4R4a0AQKY3iGV3hDCr2gd/SxaC2hYuYY/gB9/gCAw48L</latexit>

p1

<latexit sha1_base64="bGdnzAHiWgzet6b3pLwhLxXT37M=">AAAB7nicbVBNSwMxEJ3Ur7p+VT16CRbBU9kVQb0VvXisYD+gXUo2zbah2WxIskJZ+iO8eFDEq7/Hm//GtN2Dtj4YeLw3w8y8SAlurO9/o9La+sbmVnnb29nd2z+oHB61TJppypo0FanuRMQwwSVrWm4F6yjNSBIJ1o7GdzO//cS04al8tBPFwoQMJY85JdZJ7Z6JPdUP+pWqX/PnwKskKEgVCjT6la/eIKVZwqSlghjTDXxlw5xoy6lgU6+XGaYIHZMh6zoqScJMmM/PneIzpwxwnGpX0uK5+nsiJ4kxkyRynQmxI7PszcT/vG5m4+sw51Jllkm6WBRnAtsUz37HA64ZtWLiCKGau1sxHRFNqHUJeS6EYPnlVdK6qAWXtZuHy2r9toijDCdwCucQwBXU4R4a0AQKY3iGV3hDCr2gd/SxaC2hYuYY/gB9/gCAw48L</latexit>

p2

<latexit sha1_base64="pRNcfLdTsVGY3kP7fcZfGEhI3oA=">AAAB7nicbVBNS8NAEJ3Urxq/qh69LBbBU0lKQb0VvXisYD+gDWWz3bRLN5tldyOU0B/hxYMiXv093vw3btMctPXBwOO9GWbmhZIzbTzv2yltbG5t75R33b39g8OjyvFJRyepIrRNEp6oXog15UzQtmGG055UFMchp91werfwu09UaZaIRzOTNIjxWLCIEWys1B3oyJXD+rBS9WpeDrRO/IJUoUBrWPkajBKSxlQYwrHWfd+TJsiwMoxwOncHqaYSkyke076lAsdUB1l+7hxdWGWEokTZEgbl6u+JDMdaz+LQdsbYTPSqtxD/8/qpia6DjAmZGirIclGUcmQStPgdjZiixPCZJZgoZm9FZIIVJsYm5NoQ/NWX10mnXvMbtZuHRrV5W8RRhjM4h0vw4QqacA8taAOBKTzDK7w50nlx3p2PZWvJKWZO4Q+czx+CR48M</latexit>

p2

<latexit sha1_base64="pRNcfLdTsVGY3kP7fcZfGEhI3oA=">AAAB7nicbVBNS8NAEJ3Urxq/qh69LBbBU0lKQb0VvXisYD+gDWWz3bRLN5tldyOU0B/hxYMiXv093vw3btMctPXBwOO9GWbmhZIzbTzv2yltbG5t75R33b39g8OjyvFJRyepIrRNEp6oXog15UzQtmGG055UFMchp91werfwu09UaZaIRzOTNIjxWLCIEWys1B3oyJXD+rBS9WpeDrRO/IJUoUBrWPkajBKSxlQYwrHWfd+TJsiwMoxwOncHqaYSkyke076lAsdUB1l+7hxdWGWEokTZEgbl6u+JDMdaz+LQdsbYTPSqtxD/8/qpia6DjAmZGirIclGUcmQStPgdjZiixPCZJZgoZm9FZIIVJsYm5NoQ/NWX10mnXvMbtZuHRrV5W8RRhjM4h0vw4QqacA8taAOBKTzDK7w50nlx3p2PZWvJKWZO4Q+czx+CR48M</latexit>

p1

<latexit sha1_base64="bGdnzAHiWgzet6b3pLwhLxXT37M=">AAAB7nicbVBNSwMxEJ3Ur7p+VT16CRbBU9kVQb0VvXisYD+gXUo2zbah2WxIskJZ+iO8eFDEq7/Hm//GtN2Dtj4YeLw3w8y8SAlurO9/o9La+sbmVnnb29nd2z+oHB61TJppypo0FanuRMQwwSVrWm4F6yjNSBIJ1o7GdzO//cS04al8tBPFwoQMJY85JdZJ7Z6JPdUP+pWqX/PnwKskKEgVCjT6la/eIKVZwqSlghjTDXxlw5xoy6lgU6+XGaYIHZMh6zoqScJMmM/PneIzpwxwnGpX0uK5+nsiJ4kxkyRynQmxI7PszcT/vG5m4+sw51Jllkm6WBRnAtsUz37HA64ZtWLiCKGau1sxHRFNqHUJeS6EYPnlVdK6qAWXtZuHy2r9toijDCdwCucQwBXU4R4a0AQKY3iGV3hDCr2gd/SxaC2hYuYY/gB9/gCAw48L</latexit>

Qi

<latexit sha1_base64="KYny2ecrTP2mEEU4fXQKc4oOpbU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjy2YD+gDWWznbRLN5uwuxFK6I/w4kERr/4eb/4bt20O2vpg4PHeDDPzgkRwbVz32ylsbG5t7xR3S3v7B4dH5eOTto5TxbDFYhGrbkA1Ci6xZbgR2E0U0igQ2Akm93O/84RK81g+mmmCfkRHkoecUWOlTl+HpeaAD8oVt+ouQNaJl5MK5GgMyl/9YczSCKVhgmrd89zE+BlVhjOBs1I/1ZhQNqEj7FkqaYTazxbnzsiFVYYkjJUtachC/T2R0UjraRTYzoiasV715uJ/Xi814Y2fcZmkBiVbLgpTQUxM5r+TIVfIjJhaQpni9lbCxlRRZmxCJRuCt/ryOmlfVb1a9bZZq9Tv8jiKcAbncAkeXEMdHqABLWAwgWd4hTcncV6cd+dj2Vpw8plT+APn8wemaY8k</latexit>

NP free

Amputated vertex functions

/ /

Eππ / mK

at lattice ππ energies
physical kinematics

-2.0

-1.8

-1.6

-1.4

-1.2

-1.0

-0.8

-0.6

0.5 0.6 0.7 0.8 0.9 1 1.1 1.2 1.3 1.4 1.5

M0,6′ SMOM(q,q)(μh) [GeV3]/ /

Eππ / mK

at lattice ππ energies
physical kinematics

-0.05

0.00

0.05

0.10

0.15

0.5 0.6 0.7 0.8 0.9 1 1.1 1.2 1.3 1.4 1.5

M0,1′ SMOM(q,q)(μh) [GeV3]

Examples of interpolation of 
renormalized ME

‣ Linear & quadratic in Eππ/mK


‣ Systematic error estimated as lin vs 
quad is small as 1st excited st. 
close to on-shell
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Precision performance
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323 G-parity BC 
(previous work) 243 Periodic BC 323 Periodic BC

# of configurations 741 258 → 440 107 → 470

ΔI = 1/2 ME via Q2lat 10% 14% → (11%) 14% → (6.7%)

ΔI = 1/2 ME via Q6lat 6.5% 8.9% → (6.8%) 11% → (5.3%)

Re A0 11% 13% → (10%) 14% → (6.7%)

Good precision performance of PBC (ME with excited-state ππ) 
compared to G-parity BC calculation (ME with ground-state ππ)

Error % 
(statistical)

expectations of upcoming analysis in ( )
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Summary & Outlook
56

Main sources of systematic errors at the moment

‣ Finite lattice spacing


‣ Wilson coefficients


‣ QED/IB effects


We are successful in

‣ Extracting excited-state signals of the challenging ΔI = 1/2 process


‣ Good precision performance of PBC approach


Precision will reach that of experiment in the near future

‣ Could attract a lot of attention 

- Easier to take continuum limit with PBC as we already have lattice ensembles 

- Independent study on-going 

- Theoretical approach being developed [Christ et al, PRD106, 014508 (2021)] 
with PBC 


