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1 Basics of all-mode method in TRG

Mab =

R∑
s=1

uasΛsvsb

=

Dsvd∑
s=1

uasΛsvsb +

R∑
s=Dsvd+1

uasΛsvsb (1)

The second term to be approximated stochastically.

2 Dilution

To approximate a unit matrix to be inserted in the second term of (1), we just need to find a set of

random vectors ηα that satisfy

1

N

N∑
α=1

ηα;sη
∗
α;t = δst +O(1/

√
N). (2)

Inserting this approximated unit vector to the second term of (1) yields

Mab ≈
Dsvd∑
s=1

uasΛsvsb +
1

N

N∑
α=1

R∑
s=Dsvd+1

uas
√
Λsηα;s

R∑
s=Dsvd+1

η∗α;t
√
Λtvtb (3)

Our original work employed purely random vectors, i.e. ηα;s randomly takes values in Zn or U(1)

with no correlation between different index points (α, s). This approach inevitably leads to a noise

error on all off-diagonal elements including the one multiplied with relatively large singular values√
Λs=Dsvd+1 and

√
Λt=Dsvd+2. (Not 100% sure, but I believe statistical error mainly comes from the

off-diagonal elements with relatively large
√
ΛsΛt.)

There should be a way to make the second term more like an importance sampling. The following

idea is not quite an importance sampling, but maybe somewhat closer.
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Diluted noise allows us to avoid such a large statistical noise fluctuation. We divide the set of

integers R = {Dsvd + 1, . . . , R} into a few subsets. An obvious example may be

Rn
i = {Dsvd + nκ+ i ≤ R |κ ∈ {0, 1, 2, . . .}} i = 1, 2, . . . , n. (4)

where we have n subsets labeled by i. There is no intersection between Rn
i and Rn

j for i ̸= j. Dilution

ensures the noise fluctuation happens only within the same subset Rn
i of the index space.

We define new set of noise vectors:

ηα;s = nδ(α−1)modn,(s−Dsvd−1)modn × (random), (5)

where (random) denotes a randomly generated number in Zn or U(1). At least if N and R−Dsvd are

both divisible by n, we can derive

1

N

N∑
α=1

ηα;sη
∗
α;t = δst +O(

√
n/N)δ(s−t)modn,0. (6)

While we now see an O(
√
n/N) noise error instead of O(

√
1/N), it is not present in every off-diagonal

element. With n ≥ 2 we can prevent the most concerning noise error from the off-diagonal element

(Dsvd + 1, Dsvd + 2).
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